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' RESUMEN

Se estudlan los estados electrénlcos y prapledades 6pt1cas de pozos o ?@:
fcu&ntlcos cuasmunidlmen51cnales usando la Aproxzmacién ‘de ‘la Funcxén v
'Envolvente en un. modelo a.'una banda. Se. deducan las condic10nes de contorno
'que deben ‘satisfacer 1a func10n envolvente raé;al B’ obt1ene la ecuac16n \
trascendente para los n;Veles de: energia asi como 1a funclén de” onda
'normallzada Y el conflnamlento en la aprox1mac16n de banda plana congi- -
derando un perfll de masa seCCLQnalmente constante. Obtenemos tamblen una
expre515n general para el coefidiente de absorc16n de un . cable cu&ntico. '
Se reportan las reglas de selecc;én correspondlentes. La férmula asf obte- !
nida es apllcada a los1casos ﬁe secc15n transversal rectangular ¥ c1rcular,_
v barrera de poten01al 1nfin1ta Damos resultados numérlcos para el pozo .
cuéntico de GaASMAl Ga As (x-U 32).. i : ' S : : N

_Us;ng the Envelope Functlon Approxlmatlon and a- one band model the elec—
tronic states and optlcal propertles of qua51cnedxmensional quantum wells _
are studled. The boundary condltlons to ‘be . fulfllled by ‘the radlai envelopéﬁ
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'functions are deduced The transcendental equation for the energy levels,
the normalised wave functions and the confinement are-obtained in the flat
'band approximation considering a sectionally constant mass profile We -
obtain also a general expression for the. absorption coefficient of a
quantum wire. The corresponding ‘selection’ rules are reported. The formula
Just obtained is applied to the cases of rectangular a d circular Cross
section and infinite potential barrier. Numerical results for- the
GaAs—Alea1_xAs§x:0'32} quantum well are diven. '

T.INTRODUCTION _ ' — _

In the last'15'years the'apparition of new'experimental techniques lias
‘made- possible the construction of ultrathin multilayer systems made up by.'
semiconductors /1/. These - systems are characterized by the confinement of
the carrier motion to a very thin region in one direction, - the other two '
directions remaining free. In- this way we obtain a quasitwodimen510nal '
lquasi~2D} electronic system, _f" > '

More recently lower . dimenSLOnal quantum wells {QW) and superlattices
(sL) have been studied. In /2:6/ quasionedimensional {quasi-1D} systems '
are proposed In /7 11/ they are constructed and experimentally analized

N These new. systems exhibit certain features which make them useful as
.semiconductor devices. Among them we. have that the energy levels, gaps,
Ieffective masses and other parameters can be taylored practically._They
show negative resistivities, 1arge mobilities, etc. Other ‘interesting .
physical proPerties could be expected such as charge instability and Kohn’
anomaly. - : : :

These successes have . stimulated the theqretical study of the electronic
-étates /12-15/, excitonic states /16/, impyrity states /17 19/, as well as.
"the electric /20—28/ ‘and’ Opthcl /29, 30/ properties.

In.mﬂﬁt par bf_the papers listed here the oW of GaAs—Al <521 _« AS are
studiﬂﬁ; ﬁsvesﬁheleg in other papers quasi-1D QW based on ultrathin'
-inversion channels of Si-—-SiO2 are studied. ST '

Some groups have begunrto construct 16w dimensional systems in. thn form
of ribbons /31}, disks /7 31/ and boxes or drops /9 /.

In the present paper we pay’ attention to the electronic states and
optical interhand properties of quasi—1D QwW. ! '

In the second and third sections e analize the électronic states of a
cylindrical QW (Fig. 1) in .the flat band approximation considering finite
_potent1a1 barriers and seCtionally constant effective mass. If the depth
of the well 1s taken 1nfinite the problem is eas1er and is already solved
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/32/ In /6 32/ ‘the problem for the well of flnlte depth and con*Eant mass.
is solved Our results reproduce these partlcular cases.l' 3

In the" section 4‘the energy levels and the ccnfinement of a GaAS'Alo"jz
- .

- Ga;

0. 682 oW are glven as a function of ‘the QW radlus._ -
’ . . .

_ In sectioh 5 we' deduce a general expression for the allowed 1nterband
~and intraband absorptlon coeff1c1ent of-a quantum W1re with arbitrary cross
~section and the’ selection rules for these transltions are given, .T This B
express1on lS applled in sectlon 6 to the partlcular cases of rectangular
and 01rcular ‘cross sectlons. The sectlon ? is devoted to present the

: numerlcal results for the absorptlon coeff1c1ent.
Finally, in sectlon 8 we summarize our results and establlsh some conclu—
551ons.,- : ' : ';_. - 41'_a“_'.- e B - -
All the calculations are made 1n the framework of one band Enveloge .

Functlon Approxlmatlon (EFA).s

2. SCHRODINGER EQUATION NKTH VARIABLE MASS IN CYLINDRICAL SYMHETRIC SYSTEM

The quantum mechan1cal model we use 13 a system in whxch the eftective
‘mass is mip) and the potential is V(p}.-Both functlons only ﬂepend on the
-cyllndrlcal varlable p The equatlon fcr the envelope function ia then133/:

';obtalnlng for the radial part theJequatlonE:f-“

e

R p) + T5E dp [m{p)]R (p“[kz__" R(‘” =0 o B

Zm(p}

' As usually we take Rgp] continuous. From t5} it is easy to deduce that
its derivatlve satisfies a condltionfrather more complex, i e..-

k2= (E v(p)} - e

-

R B "(p—) e L
m{pa) o - m(p—) . ' o




that is-'where m(p) 15 continuous.Rij 13 continuoua'too- but a jump in
m(p) will produce & jump in R'(p). A ﬁimilar Qroperty is found in 1ayered
QW and 8L /34 35/ and tha deduction is vory sinilar Jwe integrate equation
'{5) from p-¢ to p+8 and then take the 1imit whﬂn e*ﬁ).#--f _

_ Adequate boundary conditions have. to he-added to Ehis egpation to _
aetermine the solution& of physical;“nterest Particularly—ii we segrch
for. stationary states of the d;screte spectrum, it is necessary to impose
Rlpi to be finite for all p and pintp) ¥o be square inteqrable in (0,).

. ﬂotice that 1f mfp)znsoonst., the longituﬁinal and: rad;al motions are
adecoupled and the energy depends on k in a Simpie farm._

/' . ._". . N . : - .‘ N
whern 2 is theindex that labels the levels for a given g..If mip) 1s not:;

constnnt, this aecoupling is not possibla.._i

-3 SECTIONALL¥ CGNSTANT MASS AND POTEN?EAL

_ Let us suppose that

VI: : a<a .

L wmer=d L
e _‘_2'j-g}:.4z__-p? a- . R \

o 2 - 2 _ 3 e ™ - g o . . )
k3= -k 5;%31-(Efvj}_l_ka, | =12 (an
~ : ‘

Then we have that ’
o e . .1. - o - : o
o _ R"(p) + —H R' !ﬁ} - [kz-——] R{p} =.0. : {12);

with ] =1 if p<a and j= 2 if e>a. -
,This inequalities are cbtained in partipu;ar if k =0 and-Vi<E1:V .

Thus we shall obtain a Bessel equation for p<a and a Bessel equatlon of
1mag1nary argument for p> a /36/, therefore. '

S {13)

AJn(tlD) + BNn(BIDY
Rip} =

(CT, (k, 0¥ + DK (K,p)
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_.‘--,",{-j__t..‘_h.'th_é/'c_ogm_'_a:__Q;';_'1'_'.,.3_-‘..“-3-:3___j ' 3f ;: fi*5f LT . .

S o ;.‘ﬂ.. _ ;"fn:ifniﬁ}tk};  :_i  ;1.  ﬂ:f  ?if,}Ju_. -
| o (Relse l“tQQ._;§¢ 54. ' j: ;1§}f-

gthat implles BC= o, | -'.;f :..}?T _: w':i;ﬂ - . LR _

7applying the.matchlng conditions{

A | R’fé’i—}'. RGa=r o ey

M

e - m@a o an
e i - R

‘and the normalization of the wave function ~ . . i |
__]jab’pfﬂztpr'gﬂ1 T 1 B

c.,

it is not difficult to conclude that the allowed energy values aré-obtaihad'
a from the transcendental equation-,j ' - - o -
' : e v o

anc_kla_)x;;(kgg_) —..__k—; w Gk (et =0 (19

while s  . %;f”5‘5
ald tk,al] k;;ifkfalk” (k al 1lk a)J +1{k a)

R? (k,a) | 32 (kia)

(501"11;”

x, _ €ka) _ o T
o S D = A __TE_-T A IR 7 2 % A
-‘If the energy level is very close to the top of the=well';¢h§ argéﬁqnﬁ'of .
K, -and K' becomes very small, whlle thq one. of I and J' app:oighgsgtb '

- . ‘ .&_ o

. -XB= _;;_.(V'é-'vl}fa.z .. o - o '(22_}:

This consideration allowa usg to find a transcendental equation
whase solution gives: the values of a’ for which a new level with a givun

‘n (n>1) appears.

L

-
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L3

The 'fi_fr's"t---:osts,: of thi_s. équatiéh;_can,t;é- .sée_q' in / 3_6_/_.__'

‘For large a, the use of the asymptotic form of J tx } allows ts to give an
;exp11c1t exp;ession for the radius.f . S ' '

' van= 1\'/4 (.1 v ﬁ'n— 4v) +. d' e

| = argtg{n[—— »1]}

lzﬁf{zsi

P "_': . nlz‘_-_'{ G T/

'parameter conﬁmumwnt’

and as a. resu
obtained that: =~ T :

.'1(k.a)

1{ﬁ‘a13

_4- NUNERICAL RESULTS : _ _ —
We use the following parametersifa 'liGaAsﬁal Ga As cyllndrlcal
oW /37/'-' ' y . ' '
-Conduct;.on band (CB)~ —o 0665-m,
2= Wy 0, 0835 X m,

Valencelbahdgzﬂeaﬁy'holes_lﬁﬂi‘ _ 'ﬂD;45 m, _
e T me=my 40,302 xm,

‘Valence band. Light holes (LH) =~ " m,= 0,08 m, -
T "‘_m;—-_m—l'fu“-"“"“'
L ¥y-Y, = (A-x) ARy

HereFm is the free electron Mass,'AE is'the difference between the
gaps of Al GA ; As and GaAs (0, 4 eV‘for x-o 32),'r is the rule for CB.
offset in- between the materials (r=0,6 138/) L : '

In Fig. 2 the results for the energy levels of the bands as a functlon .
of the radlus of the well are shown.’ In Flg. 3 the results for the. conflm
nement are depicted. In both cases x=0,32" and a varies from.0 to 1000&0.
ObVLously, when ais close to zero the EFA does not work gny more, we '’
_calculate this region in°drder to control our results.



‘1t is 1nteresting to note that (25)-{26) give the value of . a ‘with a
maxlmum error of- 10 g with respect to the exact one -obtained from 119).
The calculation of Bessel functions was made with the polynomlal and
assymptotlo expressions /367 which guarantee an error less than 10

R - - ..

51 G(mlFOR A EUANTUM wIRE NITH ARBITRARY CROSS SECTION

_ In - the frame of envelope functlon approxlmation, for a 1D oW the wave
. function has the form-- ' ' S '

z

o wtrl
R PR ”’”i

F(p} u(r) . ; - (28)

o
- -

'-where we have written r__ (p,z), L is the lenqht of the wire, k the.
wave vector along the z axis; F the plane part of the envelope'functlon
~and- u is the perlodlc part of the Bloch function. : '

) On the other hand the optical absorptlon coefflcient is equal to:

alal=a f |<er p[i>| a(s —-ﬁu: {f"(r_:p—fmf'n : (29)
S I T B
f(E) is the Fermi—Dlrac dlstrlbution function and the index i (f) denotes
the 1nltia1 {final) state.;pf:_—z&iv is the momentum operator and. ¢ is the
polarlzatlon vector of the light.;_p;; ::" I : f'f;?

 In order to calculate the matrix element of the momentum operator we
adopt the form (28) for <rif> and <¥|i>. Taking into account the rapid
f variation of u ‘inside the unit cell whereas ¥ varies slowly, we can make

T

the following approxlmation* "f ST -

-

<f|e.p|1>= 8k f.k i{e ﬁifs + 6 i"’ ﬁif} B &
. where . - b
(xi_f.=v—_‘f. @Eu® pud . 6

Vuﬁié thelunit cell,
ke - S o _
Si¢= J,dﬁ_ F(8) F,(BY S C 32y
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'selectxon rules are.__“*‘
s i) s .: Ef ... E R «flw
. .

i) z'_-f.- = "

L

| 2i AL

| i"’ sif"

ltlntersubbandltransitions. Now the relevant quantltyxis the matrxx elemen }

-:between envelope functicns, e. if' ThefSelecgioﬂ rules are formulated as

In ordex to obtain a(w) we subst§tute {30)—{331 in (29) and sum over
_1 {ui, ,n ) and f= {vf.k f,n 3., mhere ny (nf) is ‘the ihdex 1dent1fying
' the plene part of the envelope functidh for the inltlal (flnal] state.T

Finally we obtaln for the tran31t10ns between two bands..

L '..

o - .f”m'wr"j-. - :'} "f'zm',E : a




TN

-
N

a.(m) =9, —2_-— I d(E e e f.(E }—f[Ef}l o _.:_(%5}-.
| 1—-ar~ - |

N L Xz

Inboth cases k, is\suéh that .

(B '..-.--.E.j_ e Ba L qse)

6. RECTANGULAR AND CIRCULAR CROSS SECT!ON

For the 1D QW with rectangular cross section and 1nf1n;ﬁe potentlal

“barriers we have: - IR . AU A : L

in XX 'yy
T ) ".[37}

A2k2 " R s :
E_ ,n_ = 47ﬁ?“z”tuajn P (nofL PR3 eV, (38)
o ¥ R A Jh S A AT S

nx’ny = _1 f_'2:3r.-.--

) . . -

_ m*'is the effective massfof ﬁhe.band”ﬁnder qdngidaraéion;'
__Aisimple'galculation'yields:_
G s b mee . G
R A ¢ M
Ei'ﬁif= —211'1[ xf 6!‘1 p.ﬂ ;.éxnn .,nxf +. —LLf 6!’1 ; Xf n f] . (40}
. vE y_ - Txd R 4 xi Y yi Y - .

qu 0 for p=4d, while for ps=q we have. L
LN —;ILm-cj -( 1)p+ql : S e
. P d : . .

Hassan and SPector s results /29/ for the interband absorption-éoefficient
can be . obtained dlrectly from (34) and {39; ' :

N

O _-.EfeE'y_f(E 1

: % Hﬁ e B

P

Ra{w}.; o, C 42
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'éwhera u is the reduced masa a”d,E 'th':-
_;under con31deratlgn..

S T

f@Now we have tﬁe addltlonal selection rulesr7°

gfiv a} L=;6 _,'f:Z[,frf;;fj*"ff_fffift*fsz
‘f-_-’ e SRR

‘3;5)_ if o0, - then an ~o and j& must changs its parity.

'_the enveloPe funct1oﬁu 
Jform;:';“' '

o7y gap: between the-two bands

- I D
o) =2 & ‘Im“"” S - e

. _ s c*%znj
The energy 1evels ares gﬁffj..ﬁmc-““"“

X ._hzka o ,ﬁi 2

- R (k ) = 13 + SV ey T
Co e e PR  :_ kS 21 I

m a *--'

R .%}70':..'_'{1"’.':. 2,0y ?‘= 12,5 T

. (48)

-where the energles are measured from the bottom of the well and x

-

1 is

.1-th root of the Bessel functlon J (x)

\

_It is not difficult in thzs QBSE to abtain the followiqg results-

—

;S Ll

%127 myomg S1,072

: : ""'3/ '_TyVQi;ff- LT s
B . 'va; f| "‘ﬁz ' PR E A

T (47)

4m a

L
[

},-f_,_34-g{m ¢1)1.+I;)21;f' S ,ﬂ
Wifmi*‘1 . i_-__l-_z_ . _ :



and Bm ﬁ = 0 otherwise. We-heve used-the:nctationee.

it
. B _ :
] Il‘e dx J {ox) In (Bx) - - (49)
- N £ :
0 .
1 JUIT | .
- ag_ - (Bx)
. Mg
I, =-i dx x Jmi{cx}_ —ax ;[50)
. o S o o _
a = K2 o T s
8= kf - - 52} " ’
From'the'last expressions'we'may dlrectly derive the folLOW1ng selection -
‘rules: -
‘iv.a)  Am = O
iv.b) Al

H
o

3} nf-m+1 ormf—m =1

Finally, for the absorptlon coefflcient for 1nterband transitions we
obtain:

o I I A CE(E-£(EDIT - -
alw) = o lﬁﬁﬁl- Rt e - - (53)
o 2% 1.rm. u 'hzxz'. - _ ) :
A-E_ = — - . '
g9 zuaz . .

As in the: rectangular case,'ln order to con31der the 1ntraband transi-
tions we should- 1ntroduce phencmenologlcally a relaxation parameter /30/
We do not con51der this effect.

"7.jNUMERICAL ResuLTs —

.In Fig. 4 we present the curve at{w) associated with the transitions
_between the conduction band and the heavy hole band for a GaAs cyllndrlcal
wire.. The conduction band is assumed to be- completely empty whereas the
valence band is assumed to be full. The correspondlng effective masses are

=0, 0665m and mv— 0,45m,, m ' being the free electron massS. As can be
.seen from theuﬁlgure, the curve for the circular cross section. is very
similar to that for the rectangular eross section /30/. The- calculatlons
‘were-carried out for -a/a =200, a
8. coNCLustNs

0 belnq the Bohr's radius.

The matchlng conditlcns fcr the cylindrical symmetry are'reported for
the first time taken into eccount a pcsitlcn dependent mass.
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' ~potent1a1 anﬂ mass— are sectionally constanq

i cylinder of GaAs in a Al -3%Gan As matrix. ﬁf

"the lowest levels when they are- close to the bottomt

‘ ey

The transcendental equation.for the l_ergg,levels of the,oylindrical
well with finite depth and - variable mess i obtained when both functions

The confinement of the charge carriers ig also calouiated for this case\_i

"This' magnitude gives a- criterion of the validity of the infinite well '

We report numerical. results for a typical and interesting case.-a .

2 _o,

As in layered structures, wé find_significatives differences 1n all thej"

magnitudes calculated when the mass mistmach_andfor the finite depth is
“taken’ into account for the kevels not too*

e

the well when the radius increases. I “” - S

—

These numerical results.for typical values of the parameters allows to '
conclude that the approximation oftheinfinite well is a qood ohe to study=

a4

. The main results of this work goncerning the optical properties of quasi

; 1 systems- are the formulae (34} {35) for. the absorption coefficient a(w)

and the corresponding selection rules i)—iv) and 1)—3] for thetinterband
and intraband transitions respeqtively These formulae may be nsed to \

'calculate the absorption coefficient of superlattices /12/ and ow wires.

o Also as a. main result we have given the dependence of a{w) for the

quantum ‘wire with 01rcular cross section and 1nf1nite potential barrier and

the corresponding selection rules. The absorption coefficient for this
system has singularities at the photon energies

' Cfw, = Er o4 R . (54)

.- :
-

The . optical edge is shifted to higher energies by the amount'ﬁzxz/2ua,.
I we take a- square well, the corresponding shift lS f202/2 pLE. This
implies that if we made these two wires with the same quantity of material
(Ha =1%). and measured its absorption spectrum, we would find that the edge
of the Circular wire lS shifted xln/ﬂ 1 B times w;th respect to the square -

. . . .o

one. . - K -

'-aIn prinCiple the assumption’ that the carriers are completely confined
-is not. 80 strong. In- sections 2»4 it was shown . that the carriers are

rapidly confined when we' increases the radius of the‘c"linder This analysis

‘.
-

-1

approach {completely confined states) to calculate the energylevelsintheqw.
RN .

fse to the bottom of the Well ..

From Fig. 3 it .can be seen that the statee are rapidly confined whitin :-F

iy



may . JUStifY the’ applicatlon of our results to practical cases when we: study "
the first absorpt;an singularities.-_ B ' S

Different parts of this work have been published /39—41! A more detailed
analysis of the absorption coefflcient of a GahAs-Al Ga1 xAs quantum wire .

will be submitted to publicatlon in the near future. o
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‘Figure 1. Cylindrical quantum well
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