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The metal-insulator transition (MIT) is a fundamental phenomenon
in condensed matter physics and a hallmark of strong electronic
correlations. Hydrogen-based systems offer a simple yet powerful
model for investigating the MIT, as their insulating behavior
arises purely from electron—electron interactions. In this work, we
study finite hydrogen clusters with cubic geometries using Natural
Orbital Functional Theory (NOFT), a method capable of accurately
describing correlated systems beyond mean-field approaches. We
focus on two key signatures of the MIT: the fundamental energy gap
and the harmonic average of the atomic one-particle reduced density
matrix. Our results show that NOFT captures the transition from
insulating to metallic behavior as the interatomic distance decreases.
By extrapolating the energy gap to the thermodynamic limit, we
estimate a critical distance . ~ 1,24, in excellent agreement with
qguantum Monte Carlo benchmarks. These findings demonstrate
the reliability of NOFT for describing strong correlation effects in
large-scale models.

La transicion metal-aislante (TMA) es un fenémeno fundamental en
fisica de la materia condensada y una manifestacion caracteristica
de las correlaciones electronicas fuertes. Los sistemas basados en
hidrégeno constituyen un modelo simple pero eficaz para estudiar la
TMA, ya que su comportamiento aislante se debe exclusivamente
a interacciones electron—electrén. En este trabajo, investigamos
cumulos finitos de hidrégeno con geometria cubica mediante la
Teoria del Funcional de Orbitales Naturales (TFON), un método
capaz de describir con precisiéon sistemas correlacionados mas
alla del campo medio. Nos centramos en dos indicadores clave
de la TMA: la brecha de energia fundamental y el promedio
arménico de la matriz densidad uniparticular atémica. Nuestros
resultados muestran que la TFON reproduce con éxito la transicién
del estado aislante al metalico al disminuir la distancia interatomica.
Al extrapolar la brecha al limite termodinamico, estimamos una
distancia critica r. ~ 1,2A, en excelente concordancia con estudios
de Monte Carlo cuantico.

Keywords: Metal-Insulator Transition (transicién metal-aislante); Strongly Correlated Electrons (electrones fuertemente corrlecionados);
Reduced Density Matrix (matriz de densidad reducida); Functional Theory (teoria funcional); Natural Orbitals (orbitales naturales).

I. INTRODUCTION

The metal-insulator transition (MIT) [1] is a central concept in
condensed matter physics and one of the most compelling
manifestations of electron correlation effects in solids. In
these transitions, materials change their electronic phase from
conducting to insulating or vice versa under the influence of
external parameters such as temperature, pressure, doping
level, or lattice strain. While the transition may appear
continuous or abrupt depending on the system, it generally
reflects a subtle interplay between electron localization and
delocalization. These phenomena are not only of fundamental
theoretical interest but also of increasing technological
relevance due to their potential integration into future
microelectronic, sensing, and switching devices [2]. Materials
exhibiting MIT behavior are therefore highly valued in
the search for controllable, multifunctional components for
next-generation electronics [3,4].

A historically significant and conceptually rich subclass of
MIT materials are Mott insulators, whose study began in
1937 [5] during a conference chaired by Sir Nevill Mott.
At the time, transition-metal oxides such as NiO, MnO,
and Fe,O; were observed to behave as insulators despite
having partially filled 3d electronic bands, which, according to
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conventional band theory, should result in metallic behavior.
Building on the insights of de Boer, Verwey, and Peierls,
Mott argued that this insulating behavior was caused by
strong onsite Coulomb repulsion, which localized electrons
and suppressed conduction even in the absence of a filled
band. This challenged the established Bloch-Wilson picture
and gave rise to the concept of the Mott transition, where
electron—electron interactions, rather than band filling, govern
the electronic phase of the system [6].

Contemporary research continues to explore MITs across
a wide range of materials and dimensionalities [7, 8]. In
particular, two-dimensional crystals with specific lattice
geometries have recently demonstrated that even moderate
interactions can induce Mott insulating behavior [9]. These
findings highlight the universality of the MIT in systems
with diverse chemical compositions, dimensionalities, and
electronic structures. They also underscore the need for
accurate theoretical models capable of capturing the essential
physics of strong correlation. In this context, idealized systems
composed of hydrogen atoms under extreme conditions offer
a unique platform to isolate and study the fundamental
ingredients that govern MIT phenomena [10-12].

Among idealized systems, a simple lattice of hydrogen
atoms offers a particularly clear framework for illustrating
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the essential mechanism of a Mott transition in its most
fundamental form [13-15]. At large interatomic distances,
each hydrogen atom behaves as an isolated unit, with one
electron localized at each site. Exciting the system into a
conducting state requires transferring an electron from its
original site to a distant one, which is energetically penalized
by the difference between the ionization potential and the
electron affinity, known as the fundamental energy gap. This
difference defines an effective Coulomb repulsion energy,
usually denoted as U. As the lattice spacing decreases,
the overlap between electronic wavefunctions increases,
broadening the energy levels by a bandwidth W. The system
becomes metallic when the kinetic energy gain associated
with delocalization overcomes the Coulomb repulsion, which
leads to a critical transition governed by the ratio U to
W. This framework is now a cornerstone in the theoretical
understanding of many-body systems that display correlated
insulating and metallic phases.

While the hydrogen lattice provides an idealized but
physically transparent model to explore the fundamental
mechanism of the Mott MIT, accurately capturing its electronic
properties remains a significant theoretical challenge.
Traditional ground-state density functional theory [16,17],
despite its success in weakly correlated systems, fails
to describe the insulating behavior of strongly correlated
materials in the absence of explicit symmetry breaking [18],
as evidenced in well-known cases such as transition metal
oxides. Even advanced many-body approaches like the GW
approximation often do not predict insulating states unless
long-range magnetic order is imposed [19, 20]. In contrast,
methods that explicitly incorporate many-body correlation
effects, such as dynamical mean field theory [21,22] and
natural orbital functional (NOF) theory (NOFT) [23,24], have
been shown to correctly capture insulating phases without
invoking long range spin order [25,26]. This capability is
particularly relevant in model hydrogen systems, where
electron correlation alone drives localization. Within this
context, NOFT offers a promising framework to study finite
hydrogen clusters as minimal yet nontrivial systems for
understanding the MIT. In the present work, we employ
NOFT to investigate signatures of the MIT in hydrogen cubes,
focusing on the fundamental energy gap and the harmonic
average of the atomic one-particle reduced density matrix
(IRDM) as key indicators, in order to highlight the role of
electronic correlation beyond mean-field approximations.

This article is organized as follows. First, we introduce the
key concepts of NOFT, along with the electron-pairing-based
approximations used throughout this work. Next, the
computational methodology is presented, followed by a
discussion of the results. The article closes with a summary of
the main findings

II. NATURAL ORBITAL FUNCTIONAL THEORY

NOFT is the formulation of the 1RDM functional theory
[27-30] in the natural orbital (NO) representation [31].
It offers a computationally efficient alternative [32] to
conventional wavefunction-based methods, which often
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exhibit steep scaling. By using the 1RDM as the central
variable and reconstructing the two-particle reduced density
matrix (2RDM) through well-founded approximations,
NOFT allows for an accurate description of strongly
correlated electronic states, showing particular robustness
in multireference regimes [33-40]. In this framework,
the ground-state energy is expressed as a functional of
the NOs and their occupation numbers (ONs), which
are variationally optimized. The presence of significantly
fractional ONs reveals a multiconfigurational character, a
regime traditionally addressed by methods such as CASPT2
[41]. However, these approaches require active space selection
and become computationally expensive as the number of
correlated orbitals increases. In contrast, NOFT correlates all
electrons in all orbitals within the chosen basis set, avoiding
the need to define an active space and eliminating arbitrary
user choices. This makes NOFT particularly suitable for
processes such as bond breaking and formation [42], where
the optimal active space is not known a priori, while also
offering greater accessibility for non-expert users.

In recent years, NOFT has undergone significant progress
from both theoretical and computational perspectives [43—45].
A notable result of this progress is the family of Piris NOFs
(PNOFs) [46-48], which have consistently demonstrated
competitiveness with standard electronic structure methods.
These functionals have shown effectiveness across a wide
range of applications [49-51], including the description of
excited states [52], molecular dynamics simulations [53],
and the mitigation of delocalization errors [54]. More
recently, NOFs have been incorporated into quantum
computing frameworks to enhance energy estimation
efficiency within the variational quantum eigensolver
(VQE) algorithm, resulting in the development of a
NOF-VQE [55]. On the computational side, recent advances
[56-58] have considerably reduced the cost of NOF
calculations. A key improvement has been the integration
of modern numerical techniques inspired by deep learning,
particularly momentum-based optimization methods, which
have significantly accelerated convergence [58]. These
developments have enabled NOFT to treat strongly correlated
systems efficiently, establishing it as a practical tool for
large-scale applications.

The ground-state energy of a NOF is expressed in terms of the
set of NOs {qf),} and their ONs {n;} as

EIN, {n;, ¢i}] = Z n;Hj; + Z D[n;, nj, ny, nj1<ijlkl) (1)
i ijkl
where the one- and two-electron integrals are given by
\V3
Hi= [ argio (- + o) 00 @
. ¢; (1)@’ (r2)Pr(x1)i(r2)
(ijlkl) = ffdrldrz 3)
r2 — 1y
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In Eq. (2), v(r) represents the nuclear potential derived
from the molecular geometry within the Born-Oppenheimer
approximation, assuming no external fields. The exact form
of the electron—electron interaction energy functional is
unknown, and different functional forms of D[n;, nj, ng, n]
define distinct NOFs.

The approximate functional in Eq. (1) explicitly depends
on the 2RDM, requiring not only the N-representability of
the 1IRDM [59] but also that of the functional itself [60].
Specifically, the reconstructed D[n;, nj, ny, n;] must satisfy the
same N-representability conditions as an unreconstructed
2RDM [61], in order to ensure the existence of a compatible
N-electron system. Different reconstructions of D under these
constraints have given rise to the various PNOFs.

In this work, we focus on electron-pairing-based PNOFs
[62]. Accordingly, we consider N; unpaired electrons, which
determine the system’s total spin S, while the remaining
N = N—Nj electrons form pairs with opposite spins, resulting
in zero net spin contribution from the paired electrons.
Within the spin-restricted formalism, all spatial orbitals ¢,
are doubly occupied in the ensemble, and the ONs of both
spin components are equal [63]. Following the partitioning of
electrons into N and Ny, the orbital space Q is divided into
two subspaces: Q2 = Q;®Qy;. The subspace Qyy consists of Npi/2
mutually disjoint subspaces (), each containing a reference
orbital |g) for ¢ < Np/2, along with N, associated orbitals |p)
for p > Ny /2. Taking spin into account, the total occupancy of
each subspace (), is equal to 2. Similarly, Q; is composed of N
mutually disjoint subspaces; however, each Q, € (); contains
only a single orbital ¢ with ng = 1/2, corresponding to one
unpaired electron whose spin state remains unspecified. It
follows that the trace of the 1RDM equals the total number of
electrons N.

This study focuses on finite hydrogen clusters, for which
PNOF7 [47, 64] is employed. Previous studies have
demonstrated that PNOF7 accurately reproduces the potential
energy curves of such systems in smaller-scale cases [37,38]. In
particular, it captures the correct physical behavior in both the
bonding and dissociation regimes, yielding stable and reliable
dissociation energies.

The energy expression for PNOF7 is given by

E [N, {np/ qDP}] — Eintra + Einter (4)

The intra-pair component is formed by summing the energies
E, of electron pairs with opposite spins and the single-electron
energies of unpaired electrons, specifically:

Ny /2 Ni/2+Np
intra __
e = Y g+ Hygq )
g:1 g:NII/2+1
Eq=2) mpHy+ Y TI(1g,m,)L ©)
pell; 9.p€
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Here, L,; = (pplqq) are the exchange-time-inversion integrals
[65]. The matrix elements I1(n,, n,) = c(n4)c(n,), where c(n,) is
defined by the square root of the ONs as follows:

\np, p<Np/2
c(ny) = 7
() {_Jn—,,, NN, 7)
The inter-subspace term is given by
Np
Einter — Z gy (27 = Kpg) = ©g®@pLpg) 8)
=1

where [,; = (pqlpq) and K,, = (pqlgp) are the Coulomb
and exchange integrals, respectively. The term ®, = /n,h,,
with i, = 1 - n,, defines a correlation factor that becomes
significant when the ON 7, deviates from 0 or 1. Ny denotes
the number of basis functions considered. The prime in
the summation indicates that only inter-subspace terms are
included. Notably, PNOF7 introduces inter-pair static electron
correlation, as ®, increases in regions where orbitals exhibit
strong multiconfigurational character [64].

III. METHODOLOGY

The transition from a metallic to an insulating phase is
generally associated with either a structural reorganization or
a mechanism driven by the electron correlation. In this work,
we focus on the latter, which underlies the MITs observed in
hydrogen clusters. As the interatomic distance increases, the
overlap between atomic orbitals responsible for conduction
decreases, resulting in a reduced bandwidth. In systems
with strong electron correlation, this reduction can lead to
a Mott transition, where Coulomb repulsion dominates over
delocalization, ultimately opening an energy gap. A critical
distance exists beyond which electronic overlap becomes
insufficient to sustain metallic behavior, signaling the onset
of insulating character. This concept forms the basis for a
first estimation of the critical interatomic distance, r., derived
from the balance between Coulomb interaction and electronic
delocalization.

An estimate of r, can be obtained from fundamental physical
arguments. The distance at which Coulomb interaction
dominates over delocalization can be interpreted through the
Heisenberg uncertainty principle (ApAr ~ F). For an electron
confined to a region of size r., the characteristic momentum
is Ap ~ h/r., yielding a kinetic energy of Ex ~ (Ap)*/2m ~
72 /2mr?, while the Coulomb potential energy between two
electrons at distance 7. is E, = % /4megr.. The transition occurs
when Coulomb repulsion becomes significantly larger than
the kinetic energy, which we assume as E, = 10 - E;. Solving
this condition for r, gives r. = 5a9 =2.65 A.This valueis close to
the estimate obtained by assuming a homogeneous electron
gas with a critical density n. ~ 0.01 4,% using the relation
ne. ~ 23, one obtains r, ~ 4.64ay ~ 2.45 A. However, studies
on hydrogen chains and clusters show that the transition
occurs at shorter distances. A diffusion quantum Monte Carlo
study [13] benchmarks the transition between paramagnetic
and antiferromagnetic body-centered cubic atomic hydrogen
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in its ground state, reporting a second-order metal-insulator
transition at 7. = 2.27a; = 1.2 A.

The most rigorous way to define the MIT is by identifying
the opening of a gap in the density of states at the Fermi
level. However, this criterion is not directly applicable to finite
clusters, which inherently exhibit a discretized spectrum.
Nevertheless, the transition can still be located as the point
where the fundamental energy gap surpasses the effects of
finite-size discretization. Since this discretization error is not
known a priori, we adopt a finite-size scaling approach in
which it is accounted for by extrapolating the fundamental
gap, defined as 6 = E(N + 1) + EIN — 1) — 2E(N), to the
thermodynamic limit (N — o). To this end, we compute 6 for
hydrogen cubes of increasing size and for a set of interatomic
distances . The resulting 6(IN) values are fitted as a function
of N using a decaying polynomial model:

B(N) = B +

N ©)

where 0, is the extrapolated gap in the infinite system, A and
p are fitting parameters, and N is the number of electrons in
the system. The MIT is then identified as the point where
becomes nonzero, indicating the emergence of an insulating
phase in the thermodynamic limit.

IV. RESULTS

We begin our analysis by examining the symmetric
dissociation of a large hydrogen cluster consisting of 512
atoms arranged in a cubic structure (8 X 8 X 8). All calculations
were performed using the DoNOF software package [56] with
the 6-31G basis set [66] and the def2-universal-jkfit auxiliary
basis set, employing real orbitals within a spin-restricted
framework. The perfect pairing scheme (Ng = 1) is used, as
it is the highest pairing allowed by the negatively charged
system. This leads to a fully correlated treatment of 512
electrons distributed over 512 spatial orbitals, making it a
highly demanding electronic structure calculation.

Each configuration was defined by uniformly setting
the interatomic distance between the nearest neighbours,
resulting in a series of hydrogen cubes that span from a
delocalised metallic regime to a localised insulating one.
In the dissociation limit, the system becomes a collection
of 512 non-interacting hydrogen atoms. Importantly, the
correlation effects in the hydrogen cube involve all electrons
equally, posing a significant challenge for electronic structure
methods. To contextualise our results, we refer to a
representative set of Quantum Monte Carlo studies on
hydrogen systems [12-15], highlighting the broader relevance
of our work within the field.

Fig. 1 presents the total electronic energy as a function
of the interatomic distance r for hydrogen cubes with 512
atoms. The results obtained with PNOF7 (red) and restricted
Hartree-Fock (HF, black) are shown for comparison. The
PNOF7 curve exhibits a clear minimum around r ~ 1.6 A. As
the distance increases beyond this point, the energy gradually
stabilizes, reflecting the transition toward the dissociated
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insulating state. In contrast, HF significantly overestimates
the total energy across the entire range and fails to capture
the energetic stabilization associated with electron correlation,
particularly in the strongly correlated regime.

\+ PNOF7T —e HF\

Figure 1. Potential energy curves for the symmetric dissociation of hydrogen
cubes with 512 atoms.

To quantitatively describe the MIT, we computed the
harmonic average y of all off-diagonal elements I'; of
the 1IRDM on the atomic orbital basis. In this regard,
we generalized the definition on Ref. [67] to count only
interatomic elements as follow:

1 ao
‘y = NB (NB _ 2) Z (Fyv)2

U€EA, veB
A#B

(10)

where the summation indices indicate the selection of the
components associated with the atomic orbital ¢, on atom
A and ¢, on atom B, while omitting the elements related to
atomic orbitals on the same atom. Specifically, for the 6-31G
base set used here, which contains two atomic orbitals per
hydrogen atom, this means excluding the diagonal blocks
2 x 2. Consequently, N (Np — 2) denotes the complete count
of elements in the summation, although we note that the
denominator depends on the number of atomic orbitals
centered on each atom. A

0.06

-~ PNOF7 - HF

0.04

0.02

0.001

Figure 2. Harmonic average y of the off-diagonal elements of . The critical
distance (r.) for the metal-to-insulator transition is indicated by a vertical
dotted line.
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Fig. 2 shows the evolution of this quantitative indicator
of electronic delocalization. In the PNOF7 results (red),
y decreases rapidly as the interatomic distance increases,
signaling a transition from a delocalized metallic phase to
a localized insulating phase. This behavior is consistent with
the expected suppression of spatial coherence: as electrons
localize, the off-diagonal elements l"ff]’, tend toward zero,
leading to a harmonic average that vanishes in the insulating
limit. In contrast, HF results (black) exhibit a much slower
decay and eventual saturation of y, failing to capture the
correlation-driven localization process.

The value 7. ~ 1.2 A, is the estimated critical distance for
the MIT, obtained using the finite-size scaling approach.
The fundamental energy gap obtained 6(N) for hydrogen
cubes of various sizes, ranging from N = 8 (2 X 2 X 2) to
N =512 (8 x 8 X 8), and for a set of interatomic distances r are
shown in Fig. 3.

0.6
0.5
0.4

o

0.3

0.2

0.1 i Hg H64
o Hyis @ Hspo

0.0 5 3 1

Figure 3. Fundamental energy gap for hydrogen cubes of various sizes.

The resulting values of 6(N) were fitted as a function of N
using the decaying polynomial form of Eq. 9, as illustrated in
Fig. 4.

0.6 4

0.5

0.2

0.1

512 r (A)

Figure 4. Fundamental energy gap 6(N) as a function of system size N for
hydrogen cubes at various interatomic distances r, color-coded as indicated
by the color bar on the right. The data points correspond to calculated values,
and the lines represent the fits using the decaying polynomial model of Eq. 9.
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Each curve corresponds to a different interatomic distance r,
color coded from purple (short distances) to yellow (large
distances). The fits demonstrate excellent agreement with
the computed data points across all sizes and distances
considered. For small r, the curves show a finite size
dependence: 6(N) decreases significantly with increasing N,
confirming that the finite gap observed in small clusters
is a size effect. In contrast, at large interatomic distances
(insulating regime), the gap is almost size independent, and
the extrapolated value 0., closely matches the computed data
for all cluster sizes. This behavior confirms the effectiveness of
the extrapolation scheme and validates its use in identifying
the metal-insulator transition from finite cluster data.

Fig. 5 shows the extrapolated values of the fundamental gap
0 as a function of the interatomic distance r, obtained from
finite-size scaling of hydrogen cubes. The curve exhibits a
smooth and monotonic increase of 0. with 7, transitioning
from metallic to insulating behavior. At short distances, 0w
follows an approximately linear trend. A linear regression
in the interval corresponding to r € [1.8 A, 2.5 A] produces
the model 6. = 0.190 - r — 0.227 with a determination
coefficient R? = 0.993. This fit predicts the closure of the gap
at a critical distance r = 1.2 A, corresponding to a critical
electronic density of 1, ~ 0.54 ¢~ /A%. Remarkably, this value
agrees with the Quantum Monte Carlo diffusion estimates of
the Mott transition in atomic hydrogen [13], confirming the
robustness and accuracy of the present approach.

0.6
0.4
8
b}
0.2
0.0 ; y
r(A)

Figure 5. Extrapolated fundamental energy gap 6. as a function of the
interatomic distance r, obtained from finite-size scaling of hydrogen cubes
with up to 512 atoms.

V. CONCLUSIONS

We have presented a comprehensive analysis of the metal
insulator transition (MIT) in finite hydrogen clusters using
Natural Orbital Functional Theory (NOFT). By examining
both the fundamental energy gap and the harmonic average
of the atomic one-particle reduced density matrix, we
assessed the onset of electron localization as a function of
the interatomic distance. The use of the electron-pair-based
functional PNOF7 enabled an accurate description of the
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metallic and insulating regimes and of the transition between
them.

Through a finite-size scaling analysis applied to hydrogen
cubes up to 512 atoms, we extrapolated the energy gap to
the thermodynamic limit. From this analysis, we identified a
critical interatomic distance of r, ~ 1.2 A, which is in excellent
agreement with Quantum Monte Carlo diffusion benchmarks.
These results confirm that the MIT in hydrogen clusters arises
from electron correlation effects and demonstrate the ability
of NOFT to capture strong correlation phenomena in large
systems with high accuracy and efficiency.

Together, the findings underscore NOFT’s potential
as a reliable and efficient framework for exploring
correlation-driven phase transitions in extended systems.
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